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Assignment II MTH 512, Fall 2018
S S

QUESTION 1. Let V be 2 a vector space over the field R. Assume IV (V) is and odd number > 3 (i.e., dim(V') is an

odd integer > 3). Assume T': V — V is a linear transformation. Convince me that there is a nonzero element in V, say
v, and a real number ¢ € R such that T'(v) = cv. (short proof)
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UESTION 2, Let T : R® — R® suchthat 7'(a;, a2, e3) = (0, a;+2a3,8;—a3). Then clearly T is a linear transformation
(do not show that).

+ Convince me that R” has exactly 3 eigenspaces under T and construct such subspaces.
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+ Convince me that T is singular (i.c., T is not invertible) (Short sentence)

Iml=0 = M 35 not Tavertible =T s ner Tavertible

+ Construct a diagonal linear transformation, say F (from R* into R?), and construct a nonsingular (invertible) linear
transformation L (from R into R*) such that L o F o L~! = T. (Do not construct ]
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QUESTION 3 (Hint: Short answers! Not much work, use class notes and stare at Question 2), . Let L : Py — Pj such~
that L{az? + bz + c) = (a + 2¢)z + b — c. Clearly that L is a linear transformation

+ Convince me that P, has exactly 3 eigenspaces under L and construct such subspaces.
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singular (i.e.bs not invertible) (Short sentence)
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* Let D = {f(z) € P3| L{f(=)) = 3z + 1}. Describe the elements in D Ps?ﬁ 1(123 v L7 I’Pj,——a'ﬁp}

O% 2 (ab,0) [Llaybye) - (0, 2,1) § L abe) = (0, 6 2¢,b-c)

‘4 =é la,b,C) \ (0,G42C,b-¢C) = on_g/;)j f:la’r L—E\\t‘;ﬁ'é—b\t ori_g%.q\ l;

O ELC\ o, C) l a+2C =3 ond L-C = ]] IL(Q){’:!,\:X#C):LC\-&').C)Y-\-\D-

(a2c,41,¢) ] c efR] = @100+ b2, 1] ce i}
N Do §axtix 4 C(=20%% X1l ) | Cemg

—

.



1 e Assignment 11 MTH 512 , Fall 2018 3

QUESTION 4. (i} Let A,nxn, be a nonsingular matrix over a field F. Suppose that c is an eigenvalue of A. Convince
me that c=' is an eigenvalue of A~' and E. = E, (note that ¢~ is the inverse of ¢ under multiplication) (short
ANSWER) =
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(i) Assume that A is a 3 x 3 matrix with e-i_genvalucs 2,5,3. Find C4-i(a) (Very short answer!)
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(iii) Let A, n x n, be matrix over a field F. Suppose that ¢ is an eigenvaiue of A. Convince me that ¢® is an eigenvalue
of A™ for every positive integer n > 2.
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Brief Lecture: From this question we learn the following, Let V' be a finite dimensional vector space over a field
F. Assume that T : V — V is a linear transformation. If T is 1-1 and onto and ¢ is an eigenvalue of T, then ¢! is

an eigenvalue of 7' and E, = E,-.. If ¢ is an eigenvalue of T', then c” is an eigenvalue of T™ for every positive
integern > 2, (nate: T" =T oTo --- 0 T)
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QUESTION 5. (Short answer, but think) Let A be a 4 x 4 matrix over R. Given |[A| = 30, 3,5 are eigenvalues of A,

and Trace(A) = 10. Convince me that 4 is not diagnolizable over R. Find C4(a). Is A diagnolizable over C'? explain
BRIEFLY.
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QUESTION 6. Let T : R* — R? such that T(ay, az,a3,as) = (a) + a3 + a3, 03 + 204, —a; — a3 ~ as)

(i) Find the standard matrix representation of T
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(iii) Find a general formula for [(a), a2, a3,a4)] 5
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(iv) Find {(2,4,1,1)]5

- (2,4,5,0) A -

{v) Use the matrix in (i) and find T'(2,4,1,1)
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(viif) Find a general formula for [(ei, az, a3)] 5/
oy /92 03)] )
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(ix) Find a basis for the Range of T, Say, D = {W;, Wa, ..., Wi} is such basis. Then find [W;] p: for each W, € D
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QUESTION 7. (Not much work!, stare at question 6!, almost done!) Let L : R**? — P3 such that L( [a' azJ) =
a3 a4

(a) + a2 + a3)x® + (@3 + 2a4)z + —a) —az — a3 )
(i) Find the fake standard matrix representation of L. ITL-LX ~ \—\l\’f' p 3 ~, ,Q_Z

(e, 122,93 00 )= (0,20, 03, ©342qy , —0 -0, -G3 )
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(ii) LetB={[] 0},[0 _Il],[o O}.[O 1]}beabasisforR2"2.and

0 ~1 1 1 -1 0
B' = {z? — 2,7 — 1,2? — 2 + 1} be a basis for P;. Find the fake matrix representation of L with respect to B and
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(iii) Find a general formula for [[
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Exact ANSWER AS in 6(iii)
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(2, 4, 5, 0) EXACT ANSWER as in 6(iii)
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(vi) Use the matrix in (ii) and find L( [? ‘:] ) (show the steps)
L7C2,4,0,1) vsing Mggq,
[(ZIH/\/‘)J@ = (2-/)1'/5/0 )

/s
LL’(?-/LF/’H)]@, = 0,3 = L (4wl 1)z (7,3, -7
N using My, (avedlien ) \&
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(vii) Find Z{L) (i.e., Ker(L)). [Tt is much easier to use the matrix in (i)}

Z{L’) = Span EL—], 0,60 (2,6,-2,1)]

ZL) = span -CI) D'] ) [-9—2 'OJZ (From Q&) DK

(viii) Find a general formula for [a;2? + a;z + aq) g,
s} R T < Y
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(ix) Find a basis for the Range of L, Say, D = {W;, W, ...., Wi} is such basis. Then find [W:] s, for each W; € D.

EQ"‘BC (L) = 5P°‘“>_xl~ |, X% x ")_]
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